The flow produced by a synthetic jet actuator located in one wall of a microchannel is investigated using computational fluid dynamics (CFD) simulations. In the case of no cross-flow, the ejected vortices travel to the opposite wall and replenish the remains of the vortex left behind from the previous cycle. When cross-flow is added, the vortex penetration increases with both stroke length and frequency. The flow in the cavity appears to be nearly symmetrical, with the greatest effect seen near the orifice. In the orifice itself, three-dimensional effects are more noticeable with decreasing jet-to-cross-flow momentum ratio. The microchannel cross-flow causes the vortices to tumble about their transverse axis, the effect of which also increases with decreasing jet-to-cross-flow momentum ratio.
Introduction
Low Reynolds number flows are a commonly encountered feature in microfluidic systems. One of the most notable characteristics of such flows is the greater relative importance of diffusion compared with macro-scale flows. This means that fluidic pumping and mixing are difficult to achieve at the micro-scale. As a consequence, there have been significant efforts devoted to researching this problem; for example, Tabeling 1 and Siripoorikan et al 2 describe a method whereby a microchannel flow is periodically perturbed by a cross-channel flow to induce mixing, and Bertsch et al 3 and Park et al 4 demonstrate that improved mixing in microchannels can be achieved by judicious use of surface geometry modifications. All of these studies noted that the level of mixing was much less than would be observed in macro-scale experiments. Synthetic jet actuators have been proposed as a means of overcoming such barriers to making efficient microfluidic systems. These actuators, depicted in Fig. 1 , operate by cyclically ingesting and ejecting fluid from a cavity via an orifice. They represent the idealization of a very old idea, namely the bellows (see Fig. 2 for woodblock prints from the 16 th century). The fluidic motion is initiated by oscillating a membrane located in one of the cavity walls. It has been found that, provided the volumetric displacement is the same, the location of the membrane has little effect unless there is asymmetry involved 7 . By suitably choosing the forcing amplitude and frequency, several different kinds of jet have been observed experimentally, including a standing vortex pair, a vortex stream and a turbulent jet [8] [9] [10] [11] [12] [13] [14] [15] . This is indicated in Fig. 1 by the mean, Ū j , and fluctuating (RMS), U' j , components of the actuator output flow velocity. When a synthetic jet interacts with a cross-flow boundary layer, it has been found that, in general, the jet penetration and induced turbulence levels increase with jet mean velocity, but when frequency is varied, two distinct interaction types are observed. These interactions have been described as a decaying hair-pin vortex and closed re-circulating zone, with the range for the different behaviours being separated by a critical jet forcing frequency [16] [17] [18] [19] [20] [21] [22] .
(a) (b) Figure 2 . Synthetic jet actuators are the idealization of an old idea, the bellows, which has long been used in both household kitchens (a) 5 and blacksmith workshops (b) 6 .
Computational studies of synthetic jets with and without cross-flow have tended to employ either two-dimensional or axisymmetric simulations. Mittal et al. 23 and Utturkar et al 7 used two-dimensional simulations to examine jets with and without cross-flow, finding that jet penetration was greater for low cross-flow Reynolds numbers and high jet forcing characteristics. Lee and Goldstein 24 employed two-dimensional Navier-Stokes simulations to investigate low Reynolds number synthetic jets without cross-flow, finding that jet penetration increased with Reynolds number. Lockerby et al. 25 employed a velocity-vorticity method to examine micro-and macro-scale synthetic jet flows, finding that wave packet formation is delayed in the former when compared to the latter in a suitably non-dimensionalized form. Mallinson and Reizes 26 employed an axisymmetric Navier-Stokes code to examine macro-scale actuators; this work was later extended to the micro-scale 27 . In both studies, it was found that the peak mean centre-line velocity increases linearly with the product of membrane displacement and forcing frequency. This is entirely consistent with experimental observations by Tesar and Zhong 13 . Rizzetta et al 28 examined actuators with high aspect ratio rectangular orifices exiting into a quiescent ambient using two-and three-dimensional Navier-Stokes simulations; however, these did not extend to the case of cross-flow.
In this paper, we will examine a synthetic jet actuator embedded in a microchannel using a three-dimensional NavierStokes solver. The flow interactions are quite different to those encountered in an external flow situation, as has been the almost exclusive focus of earlier work. It should be noted that Yassour et al. 29 and Kercher et al. 30 have employed synthetic jets to cool a metal plate and a microchip, respectively. Also, Mautner 31 used a hybrid two-dimensional Lattice-Boltmann / Navier-Stokes method to examine the mixing induced by synthetic jets in a low Reynolds number microchannel flow. Here, the focus will be on visualizing the three-dimensional flow features that occur during actuator operation in a microchannel.
Square cavity and office geometries are chosen to match our currently available microfabrication capabilities 27 , and also to simplify the task of achieving good mesh quality. The membrane is assumed to move normally, that is, like a pistonin-cylinder, to simplify the simulations, thus reducing run-time. Of course, in a real device, the membrane motion will be induced by an externally supplied signal to whichever actuation means is chosen. To accurately capture the complete physics of the device, it will be necessary to undertake coupled simulations. This study represents a first step towards this ultimate goal, allowing us to focus on the fluidics of the problem. Internal lines indicate subdivision of domain for meshing.
Problem Description and Numerical Method
The simulation domain is presented in Fig. 3 . The actuator and channel centers are co-located in the computational domain, and the cavity and channel side-walls are aligned. The main dimensions are d o = 100 µm, h o = 40 µm, d c = 400 µm, h c = 60 µm, l m = 1400 µm, h m = w m = 400 µm. The mesh spacing was set as constant for the actuator chamber and orifice, and geometrically stretched by five percent to the inlet/outlet planes. The actuator membrane motion is simulated as a piston to reduce complexity. The membrane motion, ∆ (t), is specified by the membrane maximum deflection, ∆ m , and frequency, f, with:
where t is time from the start of the simulation. The test fluid is air with density, ρ = 1.16 kg m -3 and viscosity, µ = 18.5 µPa s. We specify the inlet velocity, U ∞ and set the outlet pressure as zero. The four cases considered here are listed in Table 1 . In case 1, both the inlet and outlet are set as zero pressure.
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The simulations were performed using the commercial finite-volume Navier-Stokes solver, CFD-Ace (www.cfdrc.com).
Use of the Navier-Stokes equations is valid for this problem, as the Knudsen number, Kn, based on the minimum characteristic dimension, d min , and mean free path of fluid, λ, is:
indicating continuum flow. The time-step is advanced using the second-order accurate Crank-Nicholson method. The time step was set as 250 ns, giving 80 time steps per cycle for cases 1-3 and 40 for case 4. The velocity and density are spatially discretized using a second-order method and upwinding, respectively. The equations are solved using the preconditioned conjugate-gradient method for velocity and the algebraic multi-grid method for pressure.
Case Table 1 . Forcing and inlet parameters for this study.
To allow this study to be compared with previous efforts, several important parameters are also shown in Table 1 . The first is the ratio of the ejected slug-length to the orifice diameter, L s / d o . Smith and Glezer 8 define a slug length based on the average measured velocity during the upstroke as:
where U o (t) is the measured stream-wise velocity averaged over the orifice area and τ = (2 π f) -1 is the forcing period. Müller et al 9 and Smith and Swift 12 showed that a distinct jet is produced for L s / d o > k, where k is a constant which depends on a number of factors, most important of which is the orifice geometry. Utturkar et al 15 showed that a more general criterion is: Re / S , ν = µ / ρ, and K is another constant which depends on geometry. Utturkar et al defined the mean velocity as:
That is, the criterion is also based on measured quantities. Tesar and Zhong 14 defined a stroke length based on the volume displaced by the membrane, ∆V, as: Table 1 . The main scaling parameter in the case of cross-flow has been found to be the jet-to-cross-flow momentum ratio [16] [17] [18] [19] [20] [21] [22] , denoted C µ . As the cross-flow is confined, the cross-flow momentum will be ρ U ∞ A m , where A m = microchannel cross-sectional area = w m h m . For the jet, we can approximate the outflow velocity as Ū j = L s / τ, giving the momentum ratio as (Fig. 5 ) are mapped with a sinusoidally varying light-dark colourmap, so that the vorticity variation is represented by "fringe" shifts, in a similar way to density variations altering interferogram fringe patterns in compressible flows (see, for example, Hornung et al. 32 ). This allows us to observe the relative strength of vorticity gradients in different parts of the flow domain. On the upstroke, a nearly circular vortex ring emerges from the orifice and heads towards the opposite wall of the microchannel. As the vortex ring reaches the wall, it interacts with the remains of the vortex shed during the previous cycle, spreading outwards and flattening. On the downstroke, fluid is ingested primarily from around the perimeter of the orifice. The ingestion part of the cycle also draws some fluid away from the microchannel top wall, causing further dissipation of the shed vortex system. Subsequent ejections and ingestions give rise to a cyclically replenished vortex system trapped on the microchannel top wall. Figure 6 presents plots of vorticity contours on planes at y = 0 and z = d o and 3 d o above the orifice exit plane at five instants during the fourth cycle for the same actuator characteristics as case 1, and with a cross-flow having the same momentum as the jet. Similar to the case of no cross-flow, a cyclically replenished vortex system forms on the microchannel top wall. Here, the center of the system moves downstream relative to the no cross-flow prediction, and the ejected vortices rotate about their transverse axis (out of the page) with the vortex appearing to transform into a hairpin shape. On reaching the top wall, the vortex spreads further laterally compared to case 1, with the side arms of the vortex reaching the surface later than the apex. The flow in the cavity and orifice appears to be quite symmetrical, apart from near to the end of the suction part of the cycle (see Fig. 6 (e)). , the flow appears quite symmetrical, whereas cross-flow induces asymmetry, with greater asymmetry for smaller jet-to-cross-flow-momentum ratios. For the lowest value of C µ , case 3, the vortex does not reach the top wall, tumbling and decaying into a hair-pin shape and diffusing before reaching the upper cutting plane in the vorticity plots. For the highest value of C µ , case 4, the vortex maintains its form and symmetry, with seemingly only small differences from case 1 (no cross-flow). In all three cases with cross-flow, there seems to be little evidence of the wake vortex that has been identified in previous studies.
Comparison of Cases 1-4.
The vorticity contours at the cavity midplane (z = -70 µm) and near the top wall (z = 350 µm) are shown in Fig. 9 for cases 1-4 at t / τ = 0.8. Again, the greatest degree of asymmetry is observed for the smallest value of C µ . Nonetheless, the degree of cavity asymmetry is much less than was predicted using two-dimensional simulations with similar values of C µ 7,23,25 . It is also interesting to note that in both cases 2 and 4, for which the vortex reaches the microchannel top wall, the vortex adopts a hairpin shape. 
Conclusions and Future Work
The flow generated by a synthetic jet actuator located in a closed microchannel has been examined using threedimensional computational fluid dynamics simulations. In the case with no cross-flow, the actuator establishes a cyclically replenished vortex on the microchannel top wall, which faces the actuator orifice. When cross-flow is considered, the flow behaviour depends on the jet-to-cross-flow momentum ratio, C µ . When C µ = 0.5, the ejected vortices decay very rapidly into a hairpin shape and do not reach the microchannel top wall. For C µ . ≥ 1, the vortex reaches the far wall, with the center of the vortex system being offset from the actuator centreline by a decreasing amount with increasing C µ . Further, the cavity exhibits greater asymmetry with decreasing C µ , but the asymmetry is seemingly much less than has been observed in earlier studies.
Some key issues that need to be addressed include: whether the solutions exhibit grid and time-step convergence; whether self-similar behaviour is exhibited for a range of actuator input parameters, L s / d o , S and C µ ; and, whether there is any effect of orifice and cavity geometries on the flow behaviour.
